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Multi-Degree-of-Freedom Systems (MDOF)  

Dynamic Analysis of Beams and Frames Using Lumped Mass Models  

 

Illustrative example 2 

Dynamical analysis of a steel one-bay frame which supports a 

rotating machine. 

 

Dynamic scheme (diagram) of the frame 
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Selection of the dynamic scheme: 

Lumped mass model – Variant 1 

 

Local coordinates 

 

Kinematic chain  
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Number of degrees of freedom 
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Lumped mass model – Variant 2 

 

Local coordinates 

 

Kinematic chain  
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Number of degrees of freedom 

514   ddd  

Lumped mass model – Variant 3 

 

Local coordinates: 

 

Kinematic chain  
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Number of degrees of freedom 

514   ddd  

Lumped mass model – Variant 4 

 

Local coordinates  

 

Kinematic chain  
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Number of degrees of freedom 

312   ddd  

The variant chosen for further analysis  
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Selection of the method of solving the problem  

Primary Structure of Force Method  
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Displacement Method 
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Since hgd nn   - the displacement method is chosen  

 
Determination of stiffness and flexibility matrices  
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Unit displacement 11 q  

 
Turned displacements pole plan 
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Unit displacement 13 q  

 

 
Turned displacements pole plan 
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Unit displacement 11 x  
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Unit displacement 12 x  
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The stiffness matrix elements determination 
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Dynamic condensation 
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Force Method – Flexibility matrix 
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Inertia matrix 
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Excitation force 
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An excitation force is occurs as a result the rotation of mass Gw=200kg, which is a part of mass 
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Eigenproblem 

Equation of motion: 

0qKqB   

For harmonic motion the formula is valid  

qq 2  
 

Substituting this expression into equation of motion gives 
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0qBK  )(   

where 
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Using the Mathematica system one can achieve eigenvalues and natural frequencies 

23

22

21

s
11358470

s
16.15384

s
173.2288













  

s
rad1166

s
rad0.124

s
rad84.47

3

2

1













  
Hz5.185
Hz74.19
Hz614.7

3

2

1





f
f
f

 



 

20 
 

THE DEVELOPMENT OF THE POTENTIAL AND ACADEMIC PROGRAMMES OF WROCŁAW UNIVERSITY OF TECHNOLOGY 

EUROPEAN UNION 
EUROPEAN 

SOCIAL FUND 

 
Calculation of Modal Matrix  

Eigenforms 

Each non-zero column of the adjoint  matrix iAadj  is an eigenvector iw  
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After normalization of the columns of 1adjA  matrix 
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After normalization of the columns of 1adjA  matrix 
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Static displacement of modal forms 
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Modal matrix in an expanded base of coordinates 
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First eigenform 
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Harmonic forced vibration  
Voigt-Kelvin model of damping – 2.02    
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p
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Modal Transformation Method 
Matrix equation of motion in a principle coordinates base 
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Stiffness matrix in a principle coordinates base 
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Mass matrix in a principle coordinates base 
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Damping matrix in a principle coordinates base 
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Excitation force vector in a principle coordinates base 
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Solution of the equation of motion  
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Solution in a principle coordinates base 
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Solution in a generalized coordinates base – Wrq   
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Damped system 
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Solution in a principle coordinates base 
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Solution in a generalized coordinates base – Wrq   
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Direct Method 
 

Undaped system  
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Dynamic displacements of points 
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Bending moments 
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Sinusoidal component of dynamic bending moments 
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Cosinusoidal component of dynamic bending moments 
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Envelope of total bending moments diagram 

 

22am iCiSi MMM   

 
 

]kNm[

79.3
43.0
97.2
97.2
36.1
84.0
84.0
36.1
97.2
97.2
43.0
79.3

am
am
am
am
am
am
am
am
am
am
am
am

am





























































































B

EB

E

E

DE

D

D

CD

C

C

AC

A

M
M
M
M
M
M
M
M
M
M
M
M

M

 



 

35 
 

THE DEVELOPMENT OF THE POTENTIAL AND ACADEMIC PROGRAMMES OF WROCŁAW UNIVERSITY OF TECHNOLOGY 

EUROPEAN UNION 
EUROPEAN 

SOCIAL FUND 

 
Bending moments diagrams 
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Checking of the dynamic equalibrum conditions of the node 3  
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Direct Method 
 

Damped system  
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Voigt-Kelvin model of damping – 2.02    
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The set of algebraic equations was solved using the Mathematica system 
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Bending moments (the elastic and damping forces)  
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Bending moments (the elastic forces only)  
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Bending moments (the elastic and damping forces)  
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