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Matrices

Definition of matrix

A matrix is set of numbers or algebraic expressions arranged in a rectangular form with m rows and n
columns. A matrix is denoted by an underlined letter ,,A” or a bold letter ,A”. The abbreviation ,dim”
denotes the dimension of matrix. Any element of matrix is described by two subscripts a;, where the
first one, ,,i”, denotes the number of the row and the second, ,,j” - the number of the column. The

element aj;is placed on the intersection of i-th row and j-th column.

ay P Qg a,
Ay Ay Qong Qs
A=A=| : : : , dim A= mxn
Aot 912 0 Omopar Qg
L A Qo 0 Oy Qi A
ay, Qy a,
ai a; Qin
_Oml Omj Oy A
i-th row: a;.

j-th column: a.;
element: a;

every element of matrix A: [Al;=V g
ij

Types of matrices
dim A= mxn = rectangular matrix

dim B=1xn = row matrix

dim C=mx1 = column matrix, vector C
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dim D=nxn = square matrix
dim E= mxn and [E];=0 = zero matrix, 0O, Opmxn

dim F=nxn and f;=0 for iz = diagonal matrix,

f, 0 - 0 fF,0 - 0
0 f, - 0] |0 f
e T - {f}= diag(f. f,...f,)
0 0 f |10 O f.
dim | = nxn andi;=0 for i#jand i;=1 = identity matrixl=1,=1,=1=1
1000
T 10 |01 00
& 2% 1 “Tloo 1 o0
0001
Equality of matrices

A=B < [A];=[B];

Scalar multiplication

B=a A< [B]=a[A]l;  o-scalar

Matrix addition

Matrix addition is possible only if the dimensions of matrices are equal.
C=A+B < [Cl=[Al+[B]; dimA=dimB=dimC
Property of matrix addition

+

1>
[oo]
[oo]

+A

1>

+B+C=(A+B)+C=A+(B+()

[>
+
o
]
>

>
|

>
]

o
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Matrix multiplication

A - B=C multiplication is possible if dim C= mxp where dim A= mxn, dim B= nxp. The result of

multiplication is equal to

n
C,‘j= Jie- b.j =ZO,~,< bkj = O” b]] +Oi2 b2j +...+ Oin bn]
k=1

The fact that the multiplication A - B is possible does not mean that the multiplication B - A is

possible.

Example:

4 3] 2 1 c,=12+23=8 ©,=2 cy=2

1 2]C Cp, Cg3 Cu. Cp=2:2+3-3=13 ¢, =2
2 3| Cy |Cy| Cos Cos Cyy=4-3+1:2=14 cCp=2¢
4 1|Csy Cjy Caz Cay Cyy=4-4+1-1=17 Cyy=¢
9 8 7 6
A-B=C=|14 13 12 11|, butB-A does not exist !
8 11 14 17
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Hence, the following phrases are used to describe multiplication A - B:
matrix A is right multiplied by matrix B or matrix A is postmultiplied by matrix B;

matrix B is left multiplied by matrix A or matrix B is premultiplied by matrix A.

Properties of matrix multiplication

In general the matrix multiplication is not commutative.

@)
>
+
@
1"
@)
1>
+
@}
[oo]
I
@}
[oo]
+
@}
1>

A-0=0-A=0
A-1=1-A=A
From the results A-B=0 one cannotderivethat A=0, B=0 orB-A=0.

Matrix multiplication is commutative only for diagonal matrices with the same dimensions:

{a}- {b}={b}-{a}={ab} dim{a}=dim{b}

Example:

A=E ﬂ {b}=diag(2,3), A-{b}=? {b}-A=?

9
A-{b}= L 0 6} . Itis a column multiplication, i.e. the i-th column of matrix A is multiplied by the

i-th element of diagonal {b}— A - {b}= [a.;- b;]

6
{b}-A= L 5 6} . Itis a row multiplication, i.e. the j-th row of matrix A is multiplied by the j-th

element of diagonal {b} — {b} - A=[b;- a;.].
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Matrix transposition

A=B" < dim A= mxn, =dim B=nxmand [A];= [B];

Example:

123 4] . [12 3 47
B= ; B= =
43 2 1 43 2 1

— N W
Il
>

A WODN —

IfA=A" thenAisasymmetric matrix, [Ali= [Al;
If A=—A" then Ais a skew-symmetric matrix, [Al=-[Al;i, [Ali=0

Every diagonal matrix is also a symmetric matrix {a}' = {a}.

Trace of matrix

dim A= nxn,

n
tFA=ZOkk = O]]"‘OQQ +...+Onn
k=1

trAT=trA

tr (A+B+C) =trA+trB +trC
tr (o A) = a(tr A)
tr(A-B)=tr (B-A)

tr(A-B-C)=tr(B-C-A)=tr(C-A-B)=tr(A-C-B)
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Example:
1 3 0 1

’rr5 2 2=1+2+O+4=7
2 3 0 3
1 2 3 4

Determinant of matrix

A determinant of matrix A is denoted by ,det A”. The determinant is a scalar and is defined solely for
the square matrix dim A= nxn. The easiest way to define the determinant is recursion. For a matrix
with dimensions 1x1, the determinant is equal in value to the only element of this matrix. For a

matrix with dimensions 2x2, the determinant is equal to:

a a
de’{ R 12} _
Ay Oy

QO

=050y — 1,0y
Ay Oy

For a matrix with dimensions 3x3, the rule of Sarrus can be used. Two first columns should be
written on the right side of the matrix (or two first rows -- under the matrix). The product of the

elements crossed with a blue line are added, and the ones crossed with a red line are subtracted:
G Gz Gz | (G, Gy Chg] Oy Cyp

def| Gy Qyp Qy|=(0y G Gl G Cp =
O3 Q3 Qa3 | (O3 G5 Ogy T O3y

= 07109033 + 41509303 + Q1305103 — 0130903 — Q110303 — 01507033

For matrix A with dimensions dim A= nxn det A is defined by determinants of matrices with
dimensions (n-1)x(n-1). The minor M; is a matrix obtained from matrix A by erasing the i-th row and
the j-th column. The cofactor A; of the element gj; is a determinant of the minor M;; multiplied by (-

1),
A,‘j = ('1)i+jx det Mij

The determinant may be calculated by application of the Laplace expansion along any i-th row
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) n
(— ])H( ik det Mik =
1 k=1

M=

det

>

Qi Aik

~
Il

or along any j-th row

n

detA= Zn:(— 1)k+j adet My; = z Qi Ay
k=1

N W N W
w o — O
A WODN —

Using the Laplace expansion along the 3™ column and the rule of Sarrus, the determinant can be

easily calculated:

bs o0l 13 1 13 1
52 1 2 2.3 443
defl’ % 4 3=1><(—1) det|2 3 3|+3x(-1)"det|5 2 2|=
1 2 4 2 33
1 2 3 4

=—Ix(Ix3x4+3x3xT+1x2x2-1x3x1-1x2x3-3x2x4)+
—3x(Ix2x3+3x2x2+1x5x3-1x2x2-1x2x3-3x5x3)=8+66=74

Adding a column/row multiplied by any number to another column/row does not change the value
of the determinant. This property makes it possible to calculate the determinant easily. In the
example below:

(1) the 2™ row multiplied by -3 is added to the 4" row. After this, there is only one nonzero element
in the 3" column

(2) the Laplace expansion is applied along the 3" column

(3) the 1% row multiplied by -2 is added to the 2" row and the 1* row multiplied by 14 is added

to the 3" row.

(4) the Laplace expansion is applied along the 1% column and the determinant can be calculated

easily for matrix 2x2.
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1 3 0 1 1 3 0 1 L3
defg i é iﬁ et 2 (]) § (Z1x(—1)2+3de’r 2 3 3 5
14 —4 -2
1 2 3 4 14 -4 0 -2
1 3 1 s
- _Ixdet|0 -3 1 =—1x(—1)'+'de’{_ }=—1><(—3><12—1><38)=74
(4) 38 12
0 38 12

Some properties of determinant:

det A" =det A

det (o A) = o (det A)

det(A-B-C) = det A-detB-detC

det{a}=a:-0a,-...-a,

Ais called a singular matrix or degenerate matrix if det A =0.

A is called a non-singular matrix (nondegenerate matrix or invertible matrix) if det A # 0.

Inversion of matrix

A square matrix B with the same dimensions as matrix A is called inverse to it when:
B-A=A-B=1]
The symbol A is used for a matrix inverse to A.

Using the properties of the determinant:

>

1]
>
>
>
w

1]
>
>
>

AT-A=A-A=]

det(A-A") = det A-detA'=detl=1
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det At=1/detA > Al exist only if det A#0 (A is a non-singular matrix).
Matrix A™ can by derived using formula:
A'=adjA/det A

where adj A —is an adjugate (or adjoint) matrix i.e. a transposed matrix of cofactors A;;.

A]] AIQ Aln A]] AQI Anl
ajas| "2 A M| A A A
Anl An2 Ann Aln A2n Ann
Example:
1 2 5
A=|2 3 0], detA=9+0+20-15-12-0=2
1 2 3

r 9T
de’r3 0 —de’r2 0 de’r2 3
2 3 1 3 1 2
adjA= —de’r2 > de’r] > —de’r] 2 =
2 3 13 1 2
det 29 —det ho det 2
| 30 2 0 2 3 |

T

9 -6 1 9 4 -15

=l 4 -2 0| =|-6 -2 10

-15 10 -1 T 0 -1
45 2 -75
A'=adjA/detA=|-3 -1 5
05 0 -05

Any matrix A could be transformed into an identity matrix | by performing the following
transformations (multiplication of the row/column by a scalar, adding rows/columns).

By applying the same transformations to the identity matrix one can obtain a matrix inverse to A.
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1 2 5 1 00
A=|2 3 0],1=|0 1 0| {2"%ow =row2"™ —1"rowx?2
1 2 3 0 0 1 3%row = 3%row — 'row
1 2 5 1 0O
Aoy = |0 =1 =10, lepy=| -2 1 0| {2"%row =2"row/element,,
0 0 -2 -1 0 1 'row = 'row — 2"%row x 2
10 -15 -3 2 0] [3%row=3"row/(-2)
Aser=|0 1 10 |, lsepn=| 2 =1 0| {row="1"row+3“rowx15
0 0 -2 -1 0 1 2"9row = 2"row — 3row x 10
(1 0 O 45 2 -7.5
A(step 3) = O ] O =l ’ l(step 3)F | — 3 - ] 5 =A_1
00 1 05 0 -05
Verification of: AN A=? A-A'=?
45 2 -75||1 2 5 1 2 5 45 2 -75 1 00
-3 -1 5 |12 3 0|=[2 3 0|-|-3 -1 5 1=/0 10
05 0 -05(|1 2 3 1 2 31105 0 -05 0 0 1
Vectors

Matrices with only one column are often called vectors. Vectors are denoted by overlining
X

- X2 T
X = col (X1, X2, ... Xp) = = [x1, X2, ... X5]

Two vectors are orthogonal if X-y'=X'-y =0
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Two vectors are orthogonal with weight Aif X-A-¥' =X -A-y=0.

The normalization of a vector X is a result of dividing elements of this vector by number ||Y|| .The

most common method of normalization is dividing a vector 1) by its maximum absolute value or 2) by

the Euclidean norm.

Example:
4
a=| 4
-7
1) ||Y|| = mCIX|X,-| maximum norm ||5|| =7
2) ||§|| =Jx"-X - Euclidean norm ||5|| = \/42 +4%2 4+ (-7)* =9

Normalized vector X norm = Y/”Y”
1) Ghom = col(4,4,-1) -1<q

2) anorm = CO'(%'%'_ %) "aﬂorm” =1

System of linear equations

The system of n linear equations with n unknowns (x1, x,..., x,) could be written down with matrix

notation

A, X, +0.,Xy, +...+d,,X, =Y,
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A system of linear equations is called a homogenous system if ¥ =0, and a nonhomogenous system if
y # 0. The existence of a solution depends on the type of the system (homogenous or not) and on

the properties of matrix A (if it is a singular matrix or not).

1. nonhomogenous system (Y # 0)
1.1. det A= 0= solution exists X =A™"- Yy

1.2. det A =0 = solution does not exist

2. homogenous system (Y =0)

2.1. det A =0 = solution exists and is trivial X = 0
2.2. det A =0 = there is an infinite number of solutions
X =adjA- VvV, V-anyarbitrary vector,

for V =col (0, O, ... ,1, ... 0) the solution is any non-zero column of matrix adj A; generally the

solution is a linear combination of columns of matrix adj A.

Eigenproblem

Numbers A; are eigenvalues of a square matrix A if a nonzero vector W, exists which fulfils the

equation A- W, = ;- W, . Vectors W; are called eigenvectors.

A-W=LA-W

>
g|
>
g|
I
Ql

(A-A1)-W=0; W#0 <det(A-Al)=0
[ay, -2 qU O'ln |

det| Qj; e Q-4 g, |[=0
| Gn O‘nj o Qpy = A

det(A-A)=0= o, A" +a, At —ta, A2 +a, A +a, A" =0 — characteristic equation
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The solutions of this characteristic equation 4;, A,,... 4,_,, 4, are eigenvalues.

Example:

3 2
Calculate eigenvalues of matrix A = {2 6} ,

_— . 3-1
characteristic equation: det 5 6

2Jzo —(3-2)6-1)-4=0,

A? =92 +14=0-> solutions 1,=2, ,=7

The eigenvector is any non-zero column of the matrix adjoint to matrix (A — ;1)

_] 2 4 -2 - 1 ] 1
M=2B=(A-2 )= , adj B, = __normalizafion W= '
1 Bi=(A-21) } ad) by {_2 1 } {_% _yj 1 {_yj

-4 2 -1 -2 - A A"
A, = 7; B,=(A — A1) = , diB, = normalization 2 2 , |72
=T BEALD=] —J ac) 22 {—2 —4} {1 Y27

Any product of aW; is also an eigenvector, where o - any number.

me |y ] e WQ]{—]% ﬂ

A matrix W, the i-th column of which is equal to W, is called an eigenmatrix.

Using system “Mathematica” for matrix calculations

In the system Mathematica, matrices are defined as lists of lists e.g. lists of rows. The system gives
output in the same form. In order to see the matrix in the form of a table, one needs to use the

command “TraditionalForm” or“//MatrixForm”.
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In[1]:= A= {{11 2l 5}! {21 3l 0}!
{1, 2, 3}}
ouft= {{1, 2, 5}, {2, 3, 0}, {1, 2, 3}}
In[2:= A
Out[2]: {{ll 21 5}1 {21 31 O}I {ll 21 3}}

In[3:= A // MatrixForm

Out[3]//MatrixForm=
1

25
23OJ
123

In[4= TraditionalForm[A]

Out[4)//TraditionalForm=
125
[2 3 0]
123

= v = {{1}, {2}, {3}}
outsl= {{1}, {2}, {3}}

In[6]:= MatrixForm[v]

Out[6]//MatrixForm=
1
q
3

In order to transpose the matrix, the command “Transpose” should be used. The transposition of
a vector with one column yields a matrix with one row only.

In[7;= Transpose[A]
ou7l= {{1, 2, 1}, {2, 3, 2}, {5, 0, 3}}

In[8l= TraditionalForm [Transpose[A]]
Out[8)//TraditionalForm=

121
[232]
503

In[9:= Transpose[v] // MatrixForm
Out[9)//MatrixForm=
(123)

For matrices, the multiplication symbol “.” (dot) is used.

Project co-financed by European Union within European Social Fund



* ¥

- EUROPEAN UNION
HUMAN CAPITAL %J o EUROPEAN
NATIONAL COHESION STRATEGY Wroctaw University of Technology SOCIAL FUND el

* %%
*

THE DEVELOPMENT OF THE POTENTIAL AND ACADEMIC PROGRAMMES OF WROCtAW UNIVERSITY OF TECHNOLOGY

In(10)= A.A // MatrixForm

Out[10}//MatrixForm=

1018 20
[8 13 10]
8 14 14

In[(11]:= A.v // MatrixForm

Out[11)//MatrixForm=
20
2]
14
In[12;= Transpose[v] .A // MatrixForm

Out[12]//MatrixForm=
(814 14)

The command “Det” is used for calculating the determinant,
“Tr” is used for calculating the trace

“Inverse” is used for calculating the inversion of the matrix.

In[13]:= Det[A]

Out[13]=

In[14]:= TraditionalForm[Inverse[A]]

Out[14])//TraditionalForm=

9 15
2 75
-3-15

1 1
2 00—

In[15]:= Tr[A]
Out[15]=
7
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In[17]:= TraditionalForm|[Inverse[A].A]
Out[17)//TraditionalForm=
100
[0 1 OJ
001
In[18]:= TraditionalForm|[IdentityMatrix[3]]

Out[18]//TraditionalForm=
100
[0 1 0]
001

In[19]:= DiagonalMatrix[{1, 2, 3}] // MatrixForm

Out[19)//MatrixForm=
100

020 ]

003

The command “IdentityMatrix” can be used in order to declare an identity matrix, and the

command “DiagonalMatrix” — to declare a diagonal matrix. The command “Eigenvalues”
yields the eigenvalues of the matrix, arranged from the greatest to the smallest. The command
“Eigenvectors” yields the eigenvectors of the matrix. These eigenvectors are arranged in rows!
The first row corresponds to the greatest eigenvalue. The command “Eigensystem” combines two
previous commands.

In[26]:= AA = {{3, 2}, {2, 6}}; AA // MatrixForm

Out[26]//MatrixForm=

(25)

In[27]:= Eigenvalues [AA]

out[27]=
{7, 2}

In[28]:= Eigenvectors[AA] // MatrixForm
Out[28]//MatrixForm=
1 2
(221
In29:= Eigensystem[AA] // MatrixForm
Out[29]//MatrixForm=

7 2
({lr 2} {721 l}
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Problems

The following matrices are given:

12 3 2 4
2 2 2 2 2 2
A= , B= , C= , D=14 5 1, E=14 1],
Sl el s
312 |62
1215 A |2
3 71 -3 210 1 3
F= , G= JU={ L y={3], x=|"|,
-3 0 1 4 2 7 1 2 ] 4
0 223 S

L=diag(1,2), M=diag(1,2,1), N=diag(3,2,4,1).

1. Evaluate:(a) A+A, (b) A-A, ()A-B, (d)B-C", () E-F, AD-YV, (99X -G, (h)
D-M, () N-G, () V'V, (k) V-V

2. Evaluate: (a)trG, (b) detC,(c) detD, (d) detG, (e) det(L-C:-L).
3. Evaluate: (@) adjB, (b)adjN, (c)adj (U- U").
4. Evaluate eigenvalues and eigenvectors of matrices: (a) A, (b) D, (c) G.
5. Solve the system of equations:
X+2y+3z=0
2x+3y +4z=0
2x+1ly =0

6. Find the value of A for which a nontrivial solution V of these equations exists:

(K-A-B)-v=0,

Find vectors V and normalize them

[k -k m O] _ )
(@) K= , B= , find the solution for m and k or assume k=1, m=1,

—k 2k 0 m
[k -k O m 0 0

(b) K=|-k 2k —-k|, B=|0 m 0| k=1, m=1,
0 -k 2k 0 0 m
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Answers to problems

4 4 ; |8 16
1. (a)A+A{4 },(b-—‘d)A-A=A-E=E-C{ }

12 ~ 16 40
-6 14 6 1

() E-E=| 9 28 5|, (AD-V=24|,
12 42 8 1

(9) X'-G=[9 20 35 17]

ew[Ren
() D-M=|4 10 1], (/)ugﬁé g 28 4l
3 2 2
0 2 2 3
4 6 2
() V-v=[14], (k) V-V'=|6 9 3|,
2 3 1
2. (a)trG=13, (b) detC=8(c) det D =-34 (d) det G =26
2 4
(e) det(L- C-L)=det =32,
4 24
. 6 -2 . .
3. (a)adjB 5 o , (b) adj N =diag (8, 12, 6, 24)
(c) adj (U- U") = adj P24 2
WEZ1=a9 0 41722
4, (a)A:k1=4—2\/2 =1,17157, A\2=4 + 2\/2=6,82843,
s we|—2+292 2 |_[04142 1
' 2 2-2J21 | 1 -04142
1 2 3 -1 2 3
6. D=|4 5 1[;D(A)=D-IA;detDA)=| 4 5-1 1 |=0
312 3 1 2-2

7. -34+A+8 A*A’=0 — A= —1,904 2A,=2,37031 As=7,53369
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* %%
*

1 -0,440 0,518
8. eigenmatrix W= |-0,486 1 1 |;
-0,644 -0868 0462

-6,534 2 3
9. eg. adjD(A;)=adj 4 -2,534 1 =
3 1 —-5,534

13023 25136 116027 [13,023 14,068 9,602 columns’
14,068 27159 12,534| = 25136 27,159 18,534 |nomalzafion
| 9.602 18534 8,557 11602 12,534 8,557

(0,518 0518 0518
] ] ]
10,462 0,462 0,462

1 2 15
-3 2 10
10.§= ’
4 2 7 1
0O 2 23

The characteristic equation 26—123 A+51 A*~13 A*+A*=0

A1=0,232489 ; A,=2,01665-2,95587 i; As=2,01665 +2,95587 i; A,=8,73422.

0,425 1,704+ 1,288i 1705-1,288i 0,351
. . 1 1,033-2,252i 1,033+2,252i -0,008
Eigenmatrix W = . . ’
-0,492 -1524+0,774i -1524-0,774i 1

-0,367 1 1 0,346

X+2y+3z=0
11. <2x+3y+4z=0
2x+1ly =0

— W N
O A W

1
System matrix A= | 2
2
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* %%
*

- 4 3 - ] columns' - 0,5 X - 0,5
adj A - 8 -6 2 normalization 1 Slyl=a 1
-4 3 -1 -05 z -05

o, — any number

k -k m O
12. (@) K = , B= ’
{—k QJ {O m}

det(K-A-B)=0—> k*-3kmi+m*A=0
A= (3k —V5k)/2m=0,381 k/m A,=(3k+V5k)/2m =2,618 k/m

w={2/<+%(—3/<+\/§/<) k ]_{1,6]18 1 }

k kL[ 3k—5k)| ~1618
1 -0618| _
= ; V -any column from W.
0618 1
k -k O m 0 O
(b) K=|-k 2k -k|, B=|0 m O |, k=1, m=1,
0 -k 2k 0O 0 m

1-6A+5 A*-A°=0 — A,= 0,198 A,=1,555 As= 3,247

1 -0,802 -0,445

V - any column from | 0,802 0,445 1
0,445 1 -0,802
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